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Abstract 

We define the extremal projector of the g-boson Kashiwara algebra B q (g) 
and study their basic properties. Applying their proerties to the representation 
theory of the category 0(B q (g)), whose objects are "upper bounded " B q (g)- 
modules, we obtain its semi-simplicity and the classification of simple modules. 

1 Introduction 

In [pi , we studied the so-called q-boson Kashiwara algebra, in particular, a kind 
of the q-vertex operators and their 2 point functions. We found therein some 
interesting object T. But at that time we did not reveal its whole properties, as 
"Extremal Projectors" . Tolstoy, V.N., et.ai, introduced the notion of "Extremal 
Projectors" for Lie (super) algebras and quantum (super) algebras, and made 
extensive study of their properties and applied it to the representation theory, 
(see and the references therein). In the present paper, we shall re-define 

the extremal projector for the q-boson algebras, clarify their properties and 
apply it to the representation theory of g-boson algebras. 

To be more precise, let {e", fi, q h \ i E I, h G P*} be the generators of the 
q-boson algebra B q (o). The extremal projector T is an element in _B g (g) (some 
completion of B q (g)) which satisfies the following; 

e'(T = Tf t = 0, r 2 = r, 

J2k a k^bk = 1, 

for some a k <E B+(g) and b k e B q (o) (see Theorem |T2|). Let O(B) be the 
category of 'upper bounded' _B g (g)-modules (see Sect 3). By using the above 
properties of T, we shall show that the category 0(B) is semi-simple and classify 
its simple modules. 

In M, Kashiwara gave the projector P for q-boson algbera of sl2-case in 
order to define the crystal base of U~(g). He uses it to show the semi-simplicity 
of 0(B q (sl2))- So our T is a generalizations of his projector P to arbitrary 
Kac-Moody algebras. 

The organization of this article is as follows; In Sect. 2, we review the defi- 
nitions of the quantum algebras and the g-boson Kashiwara algebras and their 
properties. In Sect. 3, we introduce the category of modules of the q-boson alge- 
bras O(B), which we treat in the sequel. In Sect. 4, we review so-called Drinfcld 
Killing form and by using it we define some element C in the tensor product of 
g-boson algebras, which plays a significant role of studying extremal projectors. 
In Sect. 5, we define extremal projectors for the q-boson algebras and involve 



their important properties. In the last section, we apply it to show the semi- 
simplicity of the category 0(B) and classify the simple modules in O(B). In || 
we gave the proof of its semisimplicity, but there was a quite big gap. Thus, the 
last section would be devoted to an erratum for it. We can find an elementary 
proof of the semi-simplicity of the category 0(B) in e.g.Q. 

The author would like to acknowledge Y.Koga for valuable discussions and 
A.N.Kirillov for introducing the papers to him. 



2 Quantum algebras and g-boson Kashiwara al- 
gebras 

We shall define the algebras playing a significant role in this paper. First, let 
g be a symmetrizable Kac-Moody algebra over Q with a Cartan subalgebra t, 
{en £ t*}i£j the set of simple roots and {hi £ t}igj the set of coroots, where / 
is a finite index set. We define an inner product on t* such that (a,, a{) £ Z>o 
and (hi, A) = 2(a if A)/(oti, on) for A £ t*. Set Q = ©iZa^, Q+ = ©iZ> a, 
and Q- = —Q+. We call Q a root lattice. Let P a lattice of t* i.e. a free 
Z-submodule of t* such that t* = Q <g> Z P, and P* = {h £ t\(h, P) C Z}. Now, 
we introduce the symbols {e*, e", // (i £ I),q h (h £ P*)}. These symbols 
satisfy the following relations; 

q° = l, and q h q h '=q h+h ', (2.1) 

q h e iq ~ h = q^e l: (2.2) 
q h e » q -h = q (h, ai ) e ^ (2 . 3) 

q h fiQ- h = q- M h, (2.4) 
q h tiq- h = q- {h ^fi (2.5) 
lei,f j ]=hj(ti-ti 1 )/(q i -qi 1 ), (2.6) 

eU^q^fA' + SiJ, (2-7) 
f l i e j = q f li '° ti) e j f i +5 i>j , (2.8) 

J2 (-l^X^XjXt^^ = 0, (i * J), (2.9) 

fe=0 

for X, = a, e", f h ![. 
where q is transcendental over Q and we set qi = g( Qi - Qi )/ 2 , ti — q^, [n]i — 

(«? - qD/(q> - q; 1 ), W = IE=#]< a » d x i n) = X T/W- 

Now, we define the algebras B q (g), B q (g) and U q (g). The algebra B q (g) 
(resp. B q (g)) is an associative algebra generated by the symbols {e" , ,fi}iei 
(resp. {e u fh ie i) and q h (h £ P*) with the defining relations (O), (O), <K~ 



(PD and (2.9) (resp. (2.1), (KJ), (O), (ph and Q) over Q(q). The algebra 



C/g(fl) is the usual quantum algebra generated by the symbols {e^, /i}jgj and g' 1 



{h£ P*) with the defining relations ([2J) , (© . (EJ) , (|2J) and (gj) over Q(g). 
We shall call algebras B q (g) and B q (g) the q-boson Kashiwara algebras ([Kl]). 
Furthermore, we define their subalgebras 

T = (q h \h £ P*) = B q (g)nB q (g) n C7,( ), 
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P g v ( ) (resp. B q (g)) = (e'(, f t (resp. e u 6 J) C B g (g) (resp. P,( fl )), 

J7+(fl) (resp. U~(q)) = (e f (resp. € J) =: P g (fl) (resp. 

C^(fl) (resp. L^(fO) = (e, (resp. /i),c^ £ I, he P*), 

P+( ) (resp. = « (resp. /«')|t 6 J) C P ? v (fl) (resp. P g V (g)), 

P|( ) (resp. Sr(0)) = (e? (resp. /^ji 6 I, h e P") C P 9 ( ) (resp. P g (fj)). 



We shall use the abbreviated notations U, P, P, P v ,• • ■ for P q (g), B q {o) 1 B q (g), 
Bq (&),■ ■ ■ if there is no confusion. 

For /? = X] TO i a i G Q+ we se t \P\ =J2 m i an( i 

Utp = {ue U^uq- 11 = q ±( - h <®u (h 6 P*)}, 

and call \/3\ a height of /3 and Up (resp. PZ^j) a weight space of U + (resp. U~) 
with a weight [3 (resp. — /?). We also define B^ and B_p by the similar manner. 

Proposition 2.1 ([Q) (?) FFe /iaue £/ie following algebra homomorphisms : 
A : U — > U®U, AO) : P — > B <S> U, A« : P — > U ®B and 
A( fc ) : J7 — > P (8 P srwen 6y 

A(g /l ) = A^(g A ) = A^(^) = A^^) = 9 h ® g h , (2.10) 
A(e;) = a ® 1 + 1( ® e i5 A(/,) = / 4 ®t,- 1 + l®/ i , (2.11) 
A (r) (en = (ft - gr 1 ) ® ^ + 4 ® t~\ AM(/0 = /« <8> ^ + 1 ® /*( 2 - 12 ) 
A«(e i )=e i ®l + * i ®e il A« (/?) = ( 9i - q^Ufi ® 1 + *i 8» /<, (2.13) 

AW(e i )=* t 8> t * C * / _ 1 +e i ®l, A (6) (/») = lg/ ( + f [, ® tr 1 , (2.14) 
?< - <7; - ?i 

and extending these to the whole algebras by the rule: A(xy) — A(x)A(y) 
and A« (xy) = (x)A® (y) (i = r,l,b). 

(ii) We have the following anti-isomorphisms S : U — ► U and ip : B — ► B 
given by 

S(e t ) = -t^Bi, S(fi) = -fiU, S(q h ) = q- h 

= l —e'!, = -fe - q^)f t , p{q h ) = q-'\ 

Qi - It 

and extending these to the whole algebras by the rule: S(xy) = S(y)S(x) 
and ip(xy) — ip(y)tp(x). Here S is called a anti-pode ofU. We also denote 
<P\u> = V>\b> by (p. 

We obtain the following triangular decompostion of the g-boson Kashiwara 
algebra; 

Proposition 2.2 The multiplication map defines an isomorphism of vector 
spaces: 

p-( )®T®P+( ) B q (g) 

Ul®«2®"3 | — > U1U2U3. 
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Proof. By @, (3.1.2)], we have 

ft- i] eT\ ifi = J, 

I nralhi.otj) £ {m) ff n , n 

I g i Jj e i i otherwise. 

By this formula and the standard argument, we can show the proposition. rj 
We define weight completions of ® ■•■ ® L 1 -" 1 ^, where LM = B or 
£7.(See[T]) 

L«§ • ■ • ®L< m > = limLW ® • • • ® L( m ) /(L« ® • ■ • ® i( m ))L+' ( , 

i 

where L+>' = ©|/3 1 |+...+| /3 „ l |>;i (1) X ®- • •®i w J m . (Note that £/ U~®T®U+ 
and _B = _B~ ® T ® _B + . ) The linear maps A, £S r \ S, ip, multiplication, e.t.c. 
are naturally extend for such completions. 

3 Category 0(B) 

Let O(B) be the category of left B-modules such that 

(i) Any object M has a weight space decomposition M = ®\ e pM\ where 
M\ = {u G M | q h u = q< h ^ for any h G P*}. 

(ii) For any element u G M there exists ^ > such that e^' e" 2 • ■ • e" u — for 
any ii,i 2) ■■■ ,kel. 

The similar category 0(B V ) for B q (g) v is introduced in M, which is defined 
with the above condition (ii). In [Q, Kashiwara mentions that the category 
0(B V ) is semi-simple though he does not give an exact proof. Here we give a 
proof of the semi-simplicity of 0(B) in Sect 6. 

Here for A G P we define the i?-module H{\) by -ff(A) := B/I\ where the 
left ideal I\ is defined as 

In Sect. 6, we shall also show that {iJ(A)|A G P} is the isomorphism class of 
simple modules. 

4 Bilinear forms and elements C 

Proposition 4.1 ([§,§) (i) There exists the unique bilinear form 

< , > : x — » Q(g), 
satisfying the following; 

(x, yiyi) = (A(x), yi ® 2/ 2 ), (x G {/-, y 2 G [/-), 



//n ,(m) _ 



E2nm+(n+m)i-i(i+l)/2 



min(n.m) 
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(xix 2 ,y) = (x 2 ® xi,A(y)), (xi,x 2 EU-, y E f/-), 
(q h ,q h '} =q-( h \ h ') (h,h'eP*), 
(T,/ i > = (e i ,T> = 0, 

where ( | ) is an invariant bilinear form on t. 
(m) TTie bilinear form ( , } enjoys the following properties; 

(xq h ,yq h ') = q-W h '\x,y), for x E U- , y G {/- , ft, /i' G P* , (4.1) 
For any /? G Q + , ( , )|j/+ x j/-. «s non- degenerate and (U* , UZ$) — 0, if J S. (4.2) 

We caiZ i/lis bilinear form the Drinf eld- Killing form of U . 

For /3 = J2i m i a i e Q+ ( m « ^ 0)i set : = Eli*? 1 *' and let i x r)r be a 
basis of Iff and {j/^T^jr be the dual basis of UZp with respect to the Drinfeld- 

Killing form. We denote the canonical element in Up ® UZp with respect to the 
Drinfeld-Killing form by 

r 

We set 

C:= J2 ( 1 ®kp 1 )(l®S- 1 )(Cp) E U+®U- = U + ®B-, (4.3) 

/3e<3+ 

The element C satisfies the following relations: 

Proposition 4.2 (i) For any i G I, we have 

(t; 1 ® e'[)C = C{tr x ® e? + ( ft - qr'Xr 1 ^ ® 1), (4.4) 
(fi ® t, -1 + 1 ® ® 1(C)) = fa ® l(C))(/i ® tr 1 )- (4-5) 

-ffere note £fta£ *s equation in U q (Q)^B q (g) and ( j^.^ j is ifte equa- 
tion in B q (g)tg>B q (g). 

(ii) The element C is invertible and the inverse is given as 

C~ l = ?~° ,, ^(fc/3®^ 1 )(S~ 1 ®S~ 1 )(C , /9 ) (4.6) 

Proof. The proof of (4.5) has been given in [|| 6.2]. Thus, let us show (4.4). 
For that purpose, we need the following lemma; 

Lemma 4.3 For (3 G Q+, let Cp = ^2 r x@ ® y^ be the canonical element in 
Up ® UZp as above and set Cp := (1 ® S~ 1 )(Cp). Then for any (3 G Q+ and 
i G I , we have 

K^e^imkpUiCp^)} = {l®kp 1 ){C'p){tr 1 eM<li->k 1 )) G U q ( g )®B q (g), 

(4-7) 

where we use the identification B q (g) = U q (jj). 
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Proof. Applying (-,z) ® 1 on the both sides of ( [h7| ) where z G U_g_ ai , we 
obtain 

((•,z)®l)(L.H.S.of(0)) = ^(irV^Sz)®^'^^- 1 ^-^) 

r 

= q-^ + ^e>!k-pl ai S-\z) fc^-^K 
((•,*> ®l)(R.H.S.of(4.7)) = Y.^ 1 ^*)®^-^ 1 )^ 1 ^ 1 ^^ (4-8) 

r 

For z G UZp_ a . we can define i> G £/~^ uniquely by 

A(z) = 1 ® z + fi®vtr l -| . 

By the property of the Drinfeld Killing form, we have 

{xP.tr 1 e h z) = (a ® x^f- 1 , A(z)) 

= (e i ®xP.t- 1 ,l®z + f t ®vt- 1 + ---) 

3; - 1* 



Thus, 



R.H.S. of (4.8) = -q^ z kg L S- L (v) (4.9) 



Here in order to comlete the proof of Lemma 4.3, let us show; 



e'fS-^z) - S- 1 (z)e^ = -q^US^iv). (4.10) 

Without loss of generality, we may assume that z is in the form z = fi t ft 2 ■ ■ ■ f i k G 
UZp_ a . {ft + on = a ll + ■ ■ ■ + a ik ). For (3 — J2j m j a ji we shall show by the 
induction on rrn for fixed i € I. 

If rrii ~ 0, z is in the form z = z 1 fiz" where z' and z" are monomials of /j's 
not including /,;. By S~ 1 (fj) = —tjfj and e"(tjfj) = (tjfj)e'- (i / j) we have 

e'{S- l {z l ) = S- 1 {z l )4, <$S-\z") = S- 1 (z")el (4.11) 

Hence, we obtain 

e'(S-\z) = S-\z'')(-e':tJ l )S-\z') = S-\z'')(~tJ l e':-q7\)S- 1 (z') 
= S- 1 (z"){-t i fi)S- 1 (z')^ - qr 2 S- 1 (z")t i S- 1 {z') 

= s-H^s-HMs-HSWi - q^'-^tiS-^z'z"), 

where j3" = wt(z"). Therefore, for rrii = 0, we have 

L.H.S. of (gia = -qW-^kiS-^z'z"). 



G 



In the case rrii — we can easily obtain v = z'z" and then 

R.H.S. of (gIo|) = -n& 



ai ' ai h i S- 1 {z'z") = L.H.S. of (pLliil ) 



Thus, the case rrij = has been shown. 

Suppose that m., > 0. we divide z — z'z" such that m! i < rm and m" < rrii 
where resp. m'() is the number of fi including in z' (resp. z"). Writing 

A(z') =l®z' + fi® v'tr 1 + • ■ • , 
A(z") = 1 ® z" + ft ® u"*- 1 + ■ • • , 

and calculating A (z'z") directly, we obtain 

/ // i (B",ai) in /. 10 \ 

u = zu + q yl ' "v z . (4-12) 

By the hypothesis of the induction, 

e''S-\z) = e'lS-\z")S- l (z') = (S^VM' gr 2 ^- V))^ V) 

= S-^z'yiS-^z') - qrhiS^iz'v") 

= 5- 1 (z")(^- 1 (z')e4' - q-H^iv 1 )) - qr\S- X {z'v") 

= S-\z'z"yi - qrhiiS-^z'v") + q^"^S-\v'z")) 

= S- 1 {z)e'!-qrH i S- 1 {v). 



Note that in the last equality, we use ( |4.12| ). Now, we have completed to show 
Lemma 4.3. rj 



Proof of Proposition 4.2. If j3 £ Q+ d oes n ot include oti , since e" and S 1 (z) 
(z G UZg) commute with each other by ( 4.11 ), we have 

(t- 1 ® ef)(l ® A^)(C£) = (1 ® ^ 1 )(C^)(*r 1 ® <)• 
Thus, we have 

= E & rl ® e ")a ® ^tj^+cj - (! ® ^+ ai )(^+o < )(*r 1 ' 

/36Q+ 
/3£Q+ 

= 5^ (1 ® *^' 1 )(C^)((g 4 — gf 1 )*^ 1 ^ ® 1) (by Lemma 
= C({q l ~q^ 1 )tr 1 e l ®l). 



Then we obtain (|4.4|). 

Next, Jet us show (ii). Set C := £ g (/3,/3) (l ® ® l)(C/j). By |, Sect.4], 
we have := £ q^' \k^ ® kp){Cp). Here note that 

(S^SS^XC) = 53 ? ^(l®0{(l®fc/3)(C/s)} 
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= c 

Thus, we obtain 

c- 1 = {s- 1 ® s- 1 )^- 1 ) 

and cpmpleted the proof of Proposition |4.2| . rj 

Remark. By the explicit form of C -1 in fl4.6| ), we find that C -1 £ U+{q)(&U~ (q) 
C7+( fl )§S-(fl). 

5 Extremal Projectors 

Let C be as in Sect. 4. We define the extremal projector of by 

r:=moao(^l)(C)= £ fc^S" 1 ^)^), (5.1) 

/3eQ+,r 

where m : a ® 6 i— > a& is the multiplication and er : a ® & 6 ® a is the 
permutation. 

Here note that T is a well-defined element in B q (g). 
Example 5.1 (g g) Jnsl 2 -case, the following is the explicit form ofT. 

Tt>0 

Theorem 5.2 TTie extremal projector T enjoys the following properties: 
(i) eJT = 0, r/, = (Vi G I). 

(»t) r 2 = r. 

(iii) There exists a& G Bl~(g)(= t/~(g)), fefe G -B^g) suc/i ttai 

^a fe r6 fe = 1. 

k 

(iv) T is a well-defined element in B^(g). 
Proof. It is easy to see (iv) by the explicit forms of the anti-pode S, the anti- 



isomorphism tp and r in (5.1). The statement (ii) is an immediate consequence 



of (i). So let us show (i) and (iii). The formula Tfc — has been shown in 
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[[|. Thus, we shall show e'/T = 0. Here let us wrtie C = ^ fe c k <8> d k , where 
c fc e U+(q) and d k € B~(g). Thus, we have 

T = 2jdfc(/?(c fc ). 



The equation (4.4) can be written as follows; 



lc fe ® e " d fe = J2°k^ 1 ® 4e" + (q, - q t ^c*^ 1 e l <g> d fc . (5.2) 



Applying mouo^gl) on the both sides of ( p.2[ ), we get 

^ e"d k tp(ck)ti = ^ dke"tiip(c k ) - ^ d k e"t t cp(c k ) = 0, 

and then e'(Tti = 0, which implies the desired result since U is invertible. 
Next, let us see (iii). By the remark in the last section, we can write 

c- 1 = b 'k ® e c / g + (s)®^(fl)- 

fc 

Then, 

1 ® 4 = &' fe Cj (g) afcdj. (5.3) 

j,k 

Applying m o a o (^ ® 4) on the both sides of ( |5.3|) , we obtain 
4 = a k d 3^{cj)ip{b' k ) = a k YLp(b' k ). 

j,k k 

Here setting b k :— <p{b' k ), we get (iii). rj 

6 Representation Theory of O(B) 

As an application of the extremal projector T, we shall show the following 
theorem; 

Theorem 6.1 (i) The category O(B) is a semi-simple category. 

(ii) The module H(X) is a simple object of 0{B) and for any simple ojbect 
M in O(B) there exists some X G P such that M = H{\). Furthermore, 
H{\) is a rank one free B~ (g)-module. 

In order to show this theorem, we need to prepare several things. 
For an object M in O(B), set 

K(M) := {v S M | e'(v = for any i S I}. 



Lemma 6.2 For an object M in O(B), we have 

r • M = K(M) (6.4) 
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Proof. By Theorem 5.2(i), we have e"r = for any i £ I. Thus, it is trivial 



to see that T ■ M C K[M). Owing to the explicit form of T, we find that 

i 

Therefore, for any v £ K(M) we get (1 — T)v — 0, which implies that T • M D 
K(M). D 

Lemma 6.3 For an object M in O(B), we have 

M = B-(g).(K(M)) (6.2) 

Proof. By Theorem 5.2(iii), we have 1 = J2k ak ^^ k ( flfe e ^q~(fl)> € 
B+(fl)). For any u e M, 
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A- 



= y^afc(rb fc M)- 



By Lemma 3T, we have Tb^u £ K{M). Then we obtain the desired result, rj 
Proposition 6.4 For an object M in O(B), we have 

M = K{M)®C£jm(fi)). (6.3) 



Proof. By (6.2), we get 

M = K(M) + (J2Mfi))- 

i 

Thus, it is sufficient to show 

K(M)n(J2Mfi)) = {0}- (6-4) 

i 

Let u be a vector in K{M) n (X^ I m (/i))- Since u £ J2i^ m (fi)> there exist 
{ui £ M}jgj such that u = 5Z ie j -By the argument in the proof of Lemma 
2| we have Tu = u for u € K(M). It follows from Theorem |T^(i) that 

u = Tu= yfifCjUj = 0, 



which implies (6.4). rj 



Lemma 6.5 If u. v £ M (M is an object in O(B)) satisfies v — Tu, then there 
exists P £ B q (g) such that v = Pu. 

Proof. By the definition of the category of O(B), there exists I > such 
that (p(x@)u — for any r and /3 with \/3\ > I. Thus, by the explicit form of T 



in (5.1), we can write 



v = Tu = ( J2 k^S-\y-P) V {xP))u, 

\0\<l, r 
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which implies our desired result. rj 



Proof of Theorem 6.1. Let L C M be objects in the category 0{B). We 
shall show that there exists a submodule N C M such that M = L ® N . 

Since K(M) (resp. K(L)) is invariant by the actin of any q h , we have the 
weight space decomposition; 

K ( M ) = ^( M )a ( res P- = K(L) X ). 

xeP xeP 

There exist subspaces N\ C if (M)a such that K{M)\ = K(L)\ © 7V A , which is 
a decomposition of a vector space. Here set ./V := ©a^a- We have 

K{M) = K{L) © N. 

Let us show 

M = L®B q (g)-N. (6.5) 

Since M = B q (g) ■ (K(M)) = B q {g){K{L) © N), we get M = L + B q (g)-N. Let 
us show 

Lr\B q (g)-N = {0}. (6.6) 
For j)£LnB,(g)'iVwe have by Theorem |T2] (hi), 

v = y^Q fc (F fc i;). 
ft 

It follows from v £ L that rfrfcii 6 K(L), and from v £ B q (g) ■ N that r&fci) € 
r(B g (fl) -N) = N. These imply 

L6 fe w G K{L)C\N = {0}. 



we 



Hence we get v = and then ( |6.5| ). 

Next, let us show (ii). As an immediate consequence of Proposition 2.2 
can see that H (A) is a rank one free B~ (jj)-module. 

Let 7Ta : B q (g) — > i/(A) be the canonical projection and set i*a := 7T A (1)- 
Here we have 

H(X) = B q (g) ■ u x = Q(q)u x + ^Tlm(/. t ). 

i 

It follows from this, Proposition |6.4| and Q{q)u\ C K(H(X)) that i?(A) = 
Q(<?)"a © I^j Im (/0 and then 

T-H(X)=K(H(X)) = Q(q)u x . (6.7) 

In order to show the irreducibility of H(X), it is sufficient to see that for arbitrary 
0), v G ff(A) there exists P G B q (g) such that u = Pu. Set v = Qu\ 
(Q G B q (g)). By Theorem |5.2| (iii), we have 

u = ^a k (rb k u) ^ 0. 
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Then, for some k we have TbkU ^ 0, which implies that cTb^u — u\ for some 
non-zero scalar c. Therefore, by Lemma 6.5, there exists some R G P g (fl) such 
that u\ — Ru and then we have 



v = Qu\ = QRu. 

Thus, H(X) is a simple module in O(B). 

Suppose that L is a simple module in 0(B). First, let us show 

6ka(K(L)) = 1. (6.8) 

For x,y(^ 0) G K{L), there exists P G Pg(fl) such that y = Pac. Since x G 
K(L), we can take P G Because y G K{L) and if (£)nX)j M/i) = {0}, 

we find that P must be a scalar, say c. Thus, we have y = cx, which derives 
& 

Let uq be a basis vector in K(L). The space K{L) is invariant by the action 
of any q h and then, Uq £ L\ for some A G P. Therefore, since H(X) is a rank 
one free P~(g)-module, the map 

<j)x : H{\) — » L 

Pu A ^P Uo , (PGP-(fl)), 

is a well-defined non-trivial homomorphism of P 9 (g)-modules. Thus, by Schur's 
lemma, we obtain H(X) = L. rj 
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